The total energies of twenty eight bound S-, P-, D-, F-, G-, H-, and I-states in the three-electron Li atom and Be + ion, respectively, are determined with the use of the Configuration Interaction (CI) with Slater orbitals and L-S eigenfunctions, and the Hylleraas-configuration-interaction (Hy-CI) methods. We discuss the construction and selection of the configurations in the wave functions, optimization of the orbital exponents and advanced computational techniques. Finally, we have developed an effective procedure which allows one to determine the energies of the excited states in three-electron atoms and ions to high accuracy by using compact wave functions. For the ground and low lying excited states our best accuracy with the Hy-CI method was ≈ 1 · 10 −6 a.u. and 1 · 10 −4 a.u. for other excited states. Analogous accuracy of the CI method is substantially lower ≈ 1 · 10 −3 a.u. Many of the rotationally excited (bound) states in the three-electron Li atom and Be + ion have never been evaluated to such an accuracy. *
I. INTRODUCTION
Nowadays the Li atom has become, like the He atom years before, a system to test quantum chemistry and high precision atomic physics [1] . The non-relativistic wave functions of three-electron atoms and ions are of great interest in applications related to highly accurate evaluations of the lowest-order relativistic and QED corrections. At this moment we do not have any closed procedure which can be used to construct Dirac-type, manifestly Lorentzinvariant wave functions for two-and three-electron systems.
As a consequence, in actual applications such few-electron wave functions are approximated by the solutions of the non-relativistic Schrödinger equation. All corrections are evaluated with the use of the regular Rayleigh-Schrödinger perturbation theory. Therefore, the non-relativistic wave functions of three-electrons atoms and ions are of paramount importance. On the other hand, the accuracy of modern laser-based atomic experiments allows one to determine many transition lines (or transition energies) in three-electron atoms and ions to an accuracy which could not be expected even twenty years ago. To match these experimental results we need to increase (and very substantially) the accuracy of our current non-relativistic three-electron wave functions.
In the last few years the low lying states of the Li atom have been calculated to the accuracy from a nanohartree to beyond a picohartree (1 · 10 −9 − 10 −12 a.u.) [2] [3] [4] [5] [6] . The corresponding wave functions usually contain many thousands of basis functions (or configurations). Such sets of basis functions used in these approaches include Hylleraas [7] , Hylleraas-configuration-interaction [8] three-electron functions (and their close modifications). Recently, also the four-dimensional gaussoid functions of the relative coordinates (see, e.g., [9] , [10] and earlier references therein) has started to used again for accurate calculations of the three-electron atomic systems. An alternative approach is based on the construction of the compact wave functions, which are constructed by selecting the most contributing basis functions (or configurations) and intensive optimization of the non-linear parameters [11] [12] [13] [14] [15] .
For the calculation of properties it would be desirable to have at hand all energies and wave functions for ground and all excited states. In addition, these states should be calculated with approximately the same accuracy. Moreover, numerous excited states of all symmetry types (S, P, D, F, G, H, I, . . .) are usually needed, e.g. for the calculation of the probability of ionization. No less importantly, the computational time should be acceptable.
The example of the Li atom can serve to test methods and techniques developed for the calculations of properties, such as excitation energies, transition probabilities, ionization energies, analysis of optical spectra, energy levels in confinement conditions, nuclear reactions and β ± -decay, etc, see, e.g., Ref. [16] In this work we employ the Hylleraas-configuration-interaction method (Hy-CI) and the Configuration Interaction (CI) method with Slater orbitals and L-S eigenfunctions to calculate a number of states of the Li atom and Be + ion which lie below their respective energy limits of electronic ionization. The determination of non-S states with the Hy-CI wave function is easy, since the wave function retains the orbital picture. In the next sections we will discuss the procedures for selecting the energetically important configurations, and optimizing the orbital exponents in order to calculate accurate compact wave function expansions.
Using this method we have obtained several benchmark energies.
II. THE HY-CI AND CI METHODS
The Hy-CI method was proposed by Sims and Hagstrom [8, 17, 18] . The advantage of the Hy-CI method with respect to the other Hylleraas-type methods is that only up to one interelectronic coordinate r ij per configuration is introduced into the wave function and therefore, the method can in principle be applied to any atom. Calculations with the use of Hy-CI wave functions for few-electron atoms (from He to B) and for the H 2 molecule were reported in Refs. [2, [19] [20] [21] [22] [23] [24] . The CI wave function with Slater orbitals and L-S eigenfunctions can be considered a basic part of the Hy-CI wave function. In this work we start our calculations with the CI wave functions. In this respect, we follow the same method as Weiss and Bunge [25, 26] and use relatively small basis sets. Recent extensive CI calculations with Slater orbitals on Be and B atoms which are more accurate can be found in Refs. [27, 28] . Both Hy-CI and CI wave functions can be summarized in the following expression:
The Hy-CI and CI wave functions are linear combinations of N symmetry adapted configurations Φ p and the coefficients C p , which are determined variationally. In this work, the symmetry adapted configurations are constructed 'a priori' so that they are eigenfunctions of the angular momentum operatorL 2 . Another possibility would be the posterior projection of the configurations over the proper spatial space, as indicated in Eq. (1) by the projection operatorÔ(L 2 ), whereÂ is the antisymmetrization operator and χ is the spin eigenfunction.
In the case of the Li atom, it is sufficient to use only one spin-function (formally a linear combination of the two possible spin eigenfunctions would be necessary):
This is because the energetic contribution of the second spin eigenfunction has been proven to be small (in the order of 1×10 −9 a.u. [3, 29] ). Moreover, the Slater determinants produced by the second spin eigenfunction (2ααβ − βαα − αβα) (due to antisymmetry) are repeated when considering the first spin eigenfunction (αβα − βαα). The spatial part of the basis functions consists of Hartree products of Slater orbitals:
where ν = 0, 1 are employed for CI and Hy-CI wave functions, respectively. Powers ν > 1 are effectively reduced to ν = 0, 1, since all even and odd powers of r ij can be expressed as a product of r ij times a polynomial in r i , r j and angular functions.
The basis functions φ p , are products of Slater orbitals. For the CI wave functions presented in this work, we use s-, p-, d-, f -, g-, h-and i-Slater orbitals. In contrast, for the Hy-CI wave functions we use only s-, p-, d-and f -Slater orbitals. Higher angular orbitals are in practice only required to obtain an accuracy in the nanohartree regime (1 · 10 −9 a.u.) or higher with the Hy-CI method (see Ref. [2] ). We use unnormalized complex Slater orbitals, for which the exponents are adjustable parameters. These are defined as:
The spherical harmonics with Condon and Shortley phase [30, p. 52 ] are given by:
where the matrix elements are:
The integrals occurring in the Hy-CI calculations of three-electron systems, can be divided into two-and three-electron integrals. The two-electron integrals are of the types: 
where the notation r 12 represents an integral, in which orbitals of electrons 1 and 2 are involved on the left and right-hand side, e.g.:
These two-electron integrals were evaluated with the algorithms described in Ref. [35] .
The three-electron integrals are of the following types: 
The first three cases are evaluated by direct integration over one r ij and the coordinates of one electron. They are thus reduced to a linear combination of two-electron integrals [36] .
For the so-called triangle integrals r 12 r 13 /r 23 we use a very efficient subroutine by Sims and
Hagstrom [37] . Finally the two-and three-electron kinetic energy integrals are evaluated using the Hamiltonian of Eq. (6) [34, 35] .
The integration of these three-electron integrals leads to a limited linear combination of two-electron integrals. These can be calculated very accurately in terms of two-electron auxiliary integrals V (m, n; α, β), defined as:
The two-electron auxiliary integrals with positive indices m, n are in turn evaluated in terms of one-electron auxiliary integrals A(n, α) [38] .
In summary, only two-electron integrals, as in the CI method, and triangle integrals have to be computed. This fact will be extremely helpful when extending the application of the The ground state configuration of the Li atom and Be + ion is sss (i.e. s (1)s (2)s (3)).
The further considered configurations for S-symmetry states (L=0) are, ordered by decreasing energetic contribution, spp, pps, sdd, dds, sf f and f f s. The energetically important configurations for L = 0 − 6 are listed in Table I . The quantum number M=0 was chosen, because for this case a smaller number of Slater determinants is required. We performed a systematical selection of the CI configurations according to their energy contribution. This was done by performing calculations on blocks constructed for all possible configurations.
The eigenvalue equation was diagonalized upon each addition of a configuration. In this manner, the contribution of every single configuration and of each block of a given type to the total energy was evaluated. Configurations with an overall energy contribution below 1 · 10 −8 a.u. were not considered.
Usually the contribution of a configuration is larger, the smaller the sum of the l quantum numbers of the employed orbitals l 1 +l 2 +l 3 is; i.e. the contribution of the configuration ssp > ppp for a P -state. In cases such as the P states spd and ppp, where the sum of l i is equal, the two inner electrons in ppp form a S-configuration. The resulting three electron configuration is ( 1 S)p (a P-configuration), and contributes more than the spd one. This is especially important in the case of F-, G-, H-, and I-states. Among the many possibilities to construct configurations of these symmetries, the energetically most important configurations were proven to be those with an inner S-shell and a single occupied orbital with the symmetry of the state under consideration, i.e. ( 1 S)f , ( 1 S)g, ( 1 S)h, and ( 1 S)i. The inner shell is described with a sum of configurations (
In the CI calculations of S, P, and D states we employed s-, p-, d-, and f-orbitals (see Table I ). In the CI calculations of the F, G, H, and I states we have used in addition g-, h-, and i-orbitals as shown in Table I . The energetic order determined for the CI calculations was kept for the Hy-CI calculations, where every CI configuration is multiplied by an interelectronic distance:
Hy-CI = CI·{1 + r 12 + r 13 + r 23 }.
Obviously, more types of configurations than the ones discussed here can be constructed for a given L quantum number. For instance, configurations like psp could be considered, if the exponents α 1 = α 2 . However, we kept the orbital exponents in the K-shell equal, see Tables II and III . Therefore, the configuration psp is equivalent to the configuration spp.
Other possible higher energy configurations like ppp for L=0, M=0 exist, but were discarded due to their energetic contribution. Table I shows how the configurations used in this work were constructed from s-, p-, d-, f -, g-, h-, and i-Slater orbitals.
Finally, there are more possible 'degenerate L-eigenfunction' solutions with a larger number of Slater determinants. Specifically, these are degenerate with respect to the quantum numbers L and M, but with possible different energy contribution, i.e. non-degenerate with respect to the energy [26] . Although the inclusion of various degenerate configurations has been shown to improve the energy of the state, this contribution is very small. This is important for very accurate CI calculations, as reported e.g. by Bunge [27, 28] . In our work, we have concentrated on the energetically most important CI configurations, in order to use them as the basis for Hy-CI configurations (i.e. configurations multiplied by an interelectronic distance r ij ).
After selecting the types of configurations, we constructed complete blocks of these configurations for a given basis set. For instance, for the basis n=4 (i.e.
[4s3p2d1f] or
[1s2s3s4s2p3p3d4f]) in the sss block the following configurations were considered: 1s1s2s, 1s2s2s, 2s2s2s, 1s1s3s, 1s2s3s, 2s2s3s, . . . , 4s4s4s. Note that the configuration 1s1s1s has no physical meaning but displays a large energy contribution. Altogether, our CI calculations can be considered 'selected' with respect to the type of configuration, and 'full-CI'
with respect to the orbitals basis set.
Another important aspect in CI and Hy-CI calculations is the symmetry adaptation of the configurations. As mentioned above, the configurations are constructed 'a priori' to be eigenfunctions of the angular momentum operatorL 2 . In the sums of In other words, the solution of the eigenvalue problem obtained when using reduced 1 × 1 matrix elements (where the integrals are added, configuration sp 1 p −1 + sp −1 p 1 ) or when using explicit 2 × 2 matrix elements of the Slater determinants is the same. The symmetry adaptation is computationally favorable, since the number of Slater determinants in the input is smaller and the repeated computation of equal integrals is avoided. As can be seen in Table I , this procedure may be applied to all the constructed configurations.
The Hy-CI configuration blocks were constructed by including (1) the corresponding CI block; (2) the CI block multiplied by the interelectronic coordinate r 12 ; (3) the CI block multiplied by r 13 ; and (4) the CI block multiplied by r 23 . Here, one has to take into account possible symmetries between equivalent configurations. This can produce linear dependences which cause the calculation to break down (due to linearly dependent equations in the eigenvalue problem). For example, 2s2s3s · r 13 is equal/equivalent to 2s2s3s · r 23 .
In general, energetically important Hy-CI configurations must not be the same as the corresponding CI ones, but usually this is the case. Therefore, we constructed Hy-CI blocks of configurations based on the selected CI ones. The number of configurations grows very fast when adding the three r ij factors. Therefore we filtered the configurations within a block one by one, calculating the total energy E i everytime that a single configuration was added, and comparing it to the total energy without this configuration E i−1 .
Again, if the difference of the energy was smaller than the energy criterion The virial factor:
is used to check the quality of the wave function and guides the numerical optimization of the exponents in the trial wave functions. In general, it is observed that the accuracy obtained in the virial factor, predicts approximately the number of the accurate decimal digits in the energy. For instance, the ground state energy of the Li atom has been calculated to -7.478 058 893 a.u. (6 decimal digits accurate) and its corresponding virial factor is 2.000 000 954 (6 digits are zero), whereas the higher energy state 6 2 S with energy -7.295 739 603 a.u. (3 decimal digits accurate) has a virial factor of 2.002 361.
The optimization of two exponents at the same time, in the case of Li for all configurations, has the advantage that (being a global optimization) it is very fast, in contrast with the partial optimization of configurations one by one, which may take very long computational times.
The optimization of the orbital exponents was carried out via a parabolic procedure.
Shortly, the orbital exponents are varied by a step size. Three energy values are thus calculated and fitted to a parabola, and the minimum of the parabola is calculated. Subsequently, this value is kept fixed and the same is done for the next exponent. The step size is continually decreased by a given factor as the cycles of exponent optimization are repeated. At every step the virial factor is calculated. The optimization is performed until the energy no longer improves, and the best virial and energy values agree. The optimization program is completely automatic and the exponents can be optimized for every state and nuclear charge.
For the CI calculations, the orbital exponents were optimized until the same energy minimum was obtained in two successive optimizations, starting with a basis of n = 4.
These exponents were then used in a CI calculation with the basis n = 5, and optimized again, and so on, up to the basis n = 7. The optimized exponents of the basis n = 7 are reported in Table II The Hy-CI orbital exponents of the three lower states of every symmetry were optimized using a basis set n = 4 of about 400 configurations of all types considered. Subsequently, the exponents were kept fixed for calculations with n = 5−8 basis sets. The orbital exponents for the higher excited states were optimized using few types of configurations (the energetically most important ones) and a larger basis set n = 8. In Tables II and III the optimized exponents of the CI and Hy-CI wave functions are given. Note that the CI exponents are in general larger than the Hy-CI ones. This is in part because the Hy-CI wave functions employ a smaller basis set.
The described method of optimization of the exponents is very successful for the determination of ground and low-lying excited states. For higher excited states, is not possible to obtain a good virial factor with this type of optimization. A larger orbital basis and more flexibility in the number of exponents would be needed.
IV. RESULTS
We calculated S-, P-, D-, F-, G-, H-and I-symmetry states for the Li atom with the CI method, using the symmetry adapted configurations shown in Table I . The CI calculations were carried out using double precision arithmetic (about 15 decimal digits accuracy on our workstations). In this manner, we determined the energy of seven S-states, six P-states, five Tables IV and V . In all these calculations we applied the CI method. The computed energies are lower than the corresponding ionization energy of the Be + ion [20] . The accuracy of the calculations is ≈ 1 millihartree (1 · 10 −3 a.u.). Note that the F-, G-, H-and I-states calculated with the CI method are reported here for the first time.
For Hy-CI calculations, we employed the same blocks of configurations as in the CI calculations, see Table I , and added blocks of these configurations multiplied by one interelectronic coordinate at a time, i.e. CI·(1 + r 12 + r 13 + r 23 ). Details on the selection of configurations are given above. Hy-CI calculations up to the basis n = 6 − 8 were performed.
It is important to note that, in Hy-CI calculations it is usually not necessary to use basis sets as large as in CI calculations, since the wave function expansion converges faster to the exact solution. This is due to the explicit inclusion of the interelectronic coordinate in the wave function. In contrast, in the CI method the interelectronic coordinate is not explicitly considered, and its effect is replaced by the use of high angular momentum orbitals. In short,
for Hy-CI calculations high angular momentum orbitals (l ≥ 3) are not required to achieve an accuracy in the microhartree regime (1 · 10 −6 a.u.), which is the purpose of this paper.
Note that highly accurate Hy-CI calculations can be afforded if using long wave functions expansions, see the benchmark energy values for the 6 2 S and 7 2 S states of Li atom [2] .
The bound, rotationally excited F-, G-, H-and I-states have never been calculated with the use of the Hy-CI method due to the complexity of the related problems. Some recent developments, however, make such calculations possible. For instance, in our computer program, the electronic integrals are defined for every l quantum number, but the kinetic energy integrals are currently restricted to l ≥ 2, see Ref. [34] . The theoretical and computational implementation of higher quantum numbers is somewhat cumbersome, and will be reported elsewhere.
The non-relativistic total energies of the four and/or five lowest bound states of S-, P-and D-symmetry are now known to high accuracy, whereas other similar states have been determined to less accuracy, since in these cases we have used shorter trial wave functions (see Tables VI and VII) .
In the Hy-CI calculations of the Li atom, see For the Be + ion, the maximal accuracy is slightly better, which is directly related with the larger nuclear charge (see Table VII (15) a.u. [39] . This value coincides with the total energy of the ground 1 1 S−state of a Be 2+ ion with an infinitely heavy nucleus. The optical spectra of the Li atom and Be + ions can be found in [40] . The optical spectrum of the Li atom determined in this study is in a good agreement with the spectrum of the Li-atom shown in that work.
We obtained this accuracy with less than 1 % of the configurations used in the most highly accurate calculations reported. All calculated states are ordered by their energy and presented in Tables VIII and IX. The total energies of these states are below the corresponding threshold energy (or ionization energy) for the three-electron atomic systems considered here.
V. CONCLUSIONS AND PERSPECTIVES
We have determined the total energies of twenty eight bound states in the Li atom and To the best of our knowledge, such extensive calculations of bound states in three-electron have never been performed earlier with comparable accuracy. Analougous calculations of various rotationally and 'vibrationally' excited (bound) states in two-electron helium atom were conducted by Drake [50] . It is clear that the total energies reported by Drake [50] are more accurate, but we consider a much more complicated case of bound states in threeelectron atoms and ions. Note also that the spectra of the two-electron atoms and ions include two independent series: singlet and triplet, while for three-electron atoms/ions only doublet spin states belong to the actual discrete spectrum. All quartet spin states of the three-electron atoms/ions are in the continuum, i.e. they are not truly bound states and any interaction (such as spin-spin interactions) that breaks electron permutation symmetry will force the quadruplet states to decay. Here we do not want to discuss the quadruple states in the three-electron atomic systems, since: (1) they are not truly bound states, and (2) 
